9.4 Solving Quadratic Equations by

Completing the Square

What You Will Learn

P Complete the square for expressions of the form x? + bx.
P Solve quadratic equations by completing the square.

P Find and use maximum and minimum values.

P Solve real-life problems by completing the square.
Completing the Square

For an expression of the form x* + bx, you can add a constant ¢ to the expression
so that x2 + bx + ¢ is a perfect square trinomial. This process is called completing
the square.

Completing the Square

Words To complete the square for an expression of the form x* + bx, follow
these steps.

Step 1 Find one-half of b, the coefficient of x.
Step 2 Square the result from Step 1.
Step 3 Add the result from Step 2 to x> + bx.

Factor the resulting expression as the square of a binomial.
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In each diagram below,

the combined area of the

shaded regions is x2 + bx.
2

Adding(g) completes

the square in the second
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SOLUTION
a. Step1 Find one-half of b.

Step2 Square the result from Step 1.
Step3  Add the result from Step 2 to x2 + bx.

P 2+6x+9=(x+3)7
b. Step 1  Find one-half of b.

Step 2 Square the result from Step 1.
Step3  Add the result from Step 2 to x* + bx.
81 9)?

RS S

Complete the square for the expression. Then factor the trinomial.
1. 22+ 10x 2. 22— 4x 3. 24+ x




1. x2 + 10x + 25; (x + 5)
2. P-dx+4(x-20
3 .v"+‘71+%’-;(.1:+;)2

ELUEEFY solving a Quadratic Equation: x2 + bx = d
Solve ¥ — 16x = —lswmhm

COMMON ERROR

‘When completing the
square to solve an
equation, be sure to add

(grmud-sdufme
equation.




SOLUTION
= l6x=—15 Write the equation.

2= 16x + (—8F = =15 + (-8 m:'m‘*m(#ﬁ

(x— 82 =49 Write the left side as the square of a binomial.
x—8==7 Take the square root of each side.
x=8%7 Add 8 to each side.
P Thesolutionsarex=8 +7=15andx=8—7=1.

a2 —l6x=—15 Original equation ~ x — 16x =

- Solving a Quadratic Equation: ax2 + bx + ¢ = 0
Solve 2x* + 20x — 8 = 0 by completing the square.

COMMON ERROR




SOLUTION
23+ 200 -8=0 Write the equation.
22+ 20x =8 Add 8 to each side.
2+10x=4 Divide each side by 2.

- Complete the square by adding (2],
2+10r+2=4+5 265 aatindde (&)
(x+352=2 Write the left side as the square of a binomial.

x+5=*V29 Take the square root of each side.
x=-5xV29 Subtract 5 from each side.

P The solutions are x = —5 + V29 = 0.39 and x = —5 — V29 = —10.39.




4. x=3,x= -1

5. m=-=071,m=-11.29

6. g=6.65¢g=135

Finding a Minimum Value

Find the minimum value of y = x> + 4x — L.




SOLUTION
‘Write the function in vertex form.
y=x+4dx-1 Write the function.
y+1=2x2+4dx Add 1 to each side.
y+l+d4=x2+4x+4 Complete the square for x2 + 4x.
y+5=x2+4x+4 Simplify the left side.
y+5=@+22 Write the right side as the square of a binomial.
y=@x+22-5 Write in vertex form.

The vertex is (—2, —5). Because « is positive (@ = 1), the parabola opens up
and the y-coordinate of the vertex is the minimum value.

P> So. the function has a minimum value of —5.

_ Finding a Maximum Value

Find the maximum value of y = —x2 + 2x + 7.




STUDY TIP

‘Werite the function in vertex form.
y=—2+2u+7
y=T=-2+2
y—T1=—(-21)
y=T=1==(2=-2r+1)
y—8=—(2-2c+1)
y-8= G- 1P
y=—@x-—12+8

Write the function.

Subtract 7 from each side.

Factor out-1.
Complete the square for x? - 2x.
Simplify the left side.

Write % — 2x + 1 as the square of a binomial.
Write in vertex form.

The vertex is (1, 8). Because a is negative (@ = —1), the parabola opens down
and the y-coordinate of the vertex is the maximum value.

P So, the function has a maximum value of 8.

Determine whether the quadratic function has a maximum or minimum value.

Then find the value.
7. y=—x2—4x+4

8. y=x2+ 12t +40

9. y=x2—-2x—2




Interpreting Forms of Quadratic Functions

Which of the functions could be represented by the graph? Explain.

flx)= —5(x + 4 +8

g) = —(x—52+9

m(x) = (x = 3)x — 12)

plx) = —(x —2)(x — 8)

* The graph of fopens down because a < 0, which means fhas a maximum value.

However, the vertex (—4, 8) of the graph of fis in the second quadrant. So, the

graph does not represent f.

* The graph of g opens down because a < 0, which means g has a maximum

value. The vertex (5, 9) of the graph of g is in the first quadrant. By solving
0= —(x — 52+ 9, you see that the x-intercepts of the graph of g are 2 and 8.

So, the graph could represent g.

* The graph of m has two positive x-intercepts. However, its graph opens up because

a > 0, which means m has a minimum value. So, the graph does not represent m.

= The graph of p has two positive x-intercepts, and its graph opens down because
a < 0. This means that p has a maximum value and the vertex must be in the first

quadrant. So, the graph could represent p.

P The graph could represent function g or function p.




Real-Life Application

The function y = —16x2 + 96x represents the height y (in feet) of a model rocket x
seconds after it is launched. (a) Find the maximum height of the rocket. (b) Find and
interpret the axis of symmetry.

SOLUTION

a. To find the maximum height, identify the maximum value of the function.
y=—16:2 + 96x Write the function.
y=—16(x — 6x) Factor out —16.

Jl> y— 144 = —16(x2 — 6x + 9) Complete the square for x2 — 6x.
y=—16(x — 3)2 + 144 Write in vertex form.
P Because the maximum value is 144, the model rocket reaches a maximum
height of 144 feet.

b. The vertex is (3, 144). So, the axis of symmetry is x = 3. On the left side of x = 3,
the height increases as time increases. On the right side of x = 3, the height
decreases as time increases.




Determine whether the function could be represented by the graph in Example 6.
Explain.

10. hi(x) = (x — 82+ 10 11. n(x) = —2(x — 5)(x — 20)
12. WHAT IF? Repeat Example 7 when the function is y = —16x2 + 128x.

10. no; The graph opens up.

11. yes; The graph has two positive
x-intercepts and opens down.

12. a. 256 ft

b. x = 4; On the left side of
x = 4, the height increases as
time increases. On the right side
of x = 4, the height decreases as
time increases.



You decide to use chalkboard paint to create a chalkboard on a door. You want the
chalkboard to cover 6 square feet and to have a uniform border, as shown. Find the
width of the border to the nearest inch.

width of

border,

x ft

chalkboard

1. Understand the Problem You know the dimensions (in feet) of the door from

the diagram. You also know the area (in square feet) of the chalkboard and that
it will have a uniform border. You are asked to find the width of the border to the

nearest inch.

2. Make a Plan Use a verbal model to write an equation that represents the area of

the chalkboard. Then solve the equation.

3. Solve the Problem

Let x be the width (in feet) of the border, as shown in the diagram.

Area of Length of ‘Width of
chalkboard = chalkboard . chalkboard
P—ov (fect) (feet)

[ - (7T—2x) . 3—2x)

6=(7T—2)03 - &) Write the equation.

6=21 —20x + 422 Multiply the binomials.

—15 = 4x2 — 20x Subtract 21 from each side.
—B=2-s Divide each side by 4.
LiB-posn+ X Complete the square for x — 5x.
e Simplify the left side.
% =|x— %)2 Write the right side as the square of a binomial
+ \Fg =x- % Take the square root of each side.
iz \g =x Add 3 to each side.

The solutions of the equation are ¥ = 3 + 3 = 4.08 and x = 3 — {3 = 0.92.

It is not possible for the width of the border to be 4.08 feet because the width of the

door is 3 feet. So, the width of the border is about 0.92 foot.

12 in.

092§ « ST = 11.04 in. Convert 0.92 foot to inches.







